Influence of fiber’s shape and size on overall elastoplastic property for micropolar composites  by Ma, Hansong & Hu, Gengkai
International Journal of Solids and Structures 43 (2006) 3025–3043
www.elsevier.com/locate/ijsolstrInﬂuence of ﬁbers shape and size on overall
elastoplastic property for micropolar composites
Hansong Ma, Gengkai Hu *
Department of Applied Mechanics, Beijing Institute of Technology, No. 7 BaiShiQiao Road, 100081 Beijing, China
Received 3 February 2005; received in revised form 16 June 2005
Available online 16 August 2005Abstract
A general micromechanical method is developed for a micropolar composite with ellipsoidal ﬁbers, where the matrix
material is idealized as a micropolar material model. The method is based on a special micro–macro transition method,
and the classical eﬀective moduli for micropolar composites can be determined in an analytical way. The inﬂuence of
both ﬁbers shape and size can be analyzed by the proposed method. The eﬀective moduli, initial yield surface and eﬀec-
tive nonlinear stress and strain relation for a micropolar composite reinforced by ellipsoidal ﬁbers are examined, it is
found that the prediction on the eﬀective moduli and eﬀective nonlinear stress and strain curves are always higher than
those based on classical Cauchy material model, especially for the case where the size of ﬁber approaches to the
characteristic length of matrix material. As expected, when the size of ﬁber is suﬃciently large, the classical results
(size-independence) can be recovered.
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Classical micromechanics has been recognized a great success in predicting eﬀective properties of com-
posite material from its microstructural information (Nemat-Nasser and Hori, 1993; Hashin, 1983), it pro-
vides an eﬃcient tool to tailor the composite with desired properties. However the classical micromechanics
based on Cauchy material model fails to predict size eﬀect well-observed for metal matrix composites0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
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develop a systematic theory explaining the observed size-dependence of material properties, much eﬀorts
have been conducted to remedy the classical continue mechanics, usually by including high order terms
or introducing new degrees of freedom in formulation, this leads to so called high order continue theory.
Contrary to the classical (Cauchy) material model, the high order continue theory assumes that a material
point can be still regarded as inﬁnitely small, however there is microstructure inside of this point (Eringen,
1999). So there are two sets of variable to describe the motion of the material point in a high order continue
theory, one is for the motion of inertia center of the point, the other is for the motion of the microstructure
inside of this material point. With the speciﬁc constraint on the motion of microstructure, diﬀerent classes
of high order theories have been proposed, namely micromorphic, microstretch, micropolar, couple stress
theories, which have been exposed in the monograph by Eringen (1999). The basic idea of the high order
theory is to take into account the nonlocal eﬀect due to the coarse microstructure presented in the material,
and the Cauchy material model, in which any surface of a material element is assumed to transmit only
force but not moment, is just the ﬁrst-order approximation for the material with microstructure (Jasiuk
and Ostoja-Starzewski, 1995). The other high order theories have also been proposed by diﬀerent authors,
for example, Aifantis (1984) proposed to incorporate the second gradient of deformation in constitutive
relation, while the basic ﬁeld equations keep unchanged. Based on the couple stress theory, Fleck and
Hutchinson (1993) proposed a high order phenomenological theory to describe the size-dependence of plas-
ticity, since then an intense research activity has been conducted on the high order theory (see for example,
Gao et al., 1999; Huang et al., 2000; Forest et al., 2000).
The high order theory and homogenization technique have been used to explain the size-dependence for
metal matrix composites and polycrystals. Wei (2001) employed the high order theory proposed by Fleck
et al. (1993)) and ﬁnite element method to analyze the inﬂuence of particle size on the elastoplastic behavior
of a composite material; using also ﬁnite element method, Chen and Wang (2002) idealized the matrix
material as a micropolar material model and examine the inﬂuence of ﬁbers size on eﬀective nonlinear
stress and strain relation for a metal matrix composite. Zhu et al. (1997) used the high order theory pro-
posed by Aifantis (1984) to study the eﬀective plastic behavior of a particulate composite, the method is
also based on ﬁnite element method. Analytical homogenization methods for a heterogeneous high order
medium have also been proposed by Smyshlyaev and Fleck (1995) with strain gradient model and by
Sharma and Dasgupta (2002) with a linear micropolar material model.
Recently Xun et al. (2004a,b), Liu and Hu (2005), Hu et al. (2005) have proposed an analytical micro-
mechanical method to examine the classical elastic and plastic properties for particulate and long ﬁber com-
posites. In this method, they idealize the matrix material with coarse microstructure as a micropolar
material model. The proposed method can well describe the size eﬀect observed for metal matrix compos-
ites, and at the same time it remains as an analytical formulation. The proposed method is based on micro-
polar Eshelby tensor proposed by Cheng and He (1995)) and on secant moduli concept, it can be considered
as a natural extension of the classical secant moduli method based on the second-order stress moment in
classical micromechanics (Qiu and Weng, 1992; Hu, 1996). This method can also be interpreted in a var-
iation form of a generalized Ponte Castan˜edas type (Ponte Castan˜eda, 1991; Hu et al., 2005), and it can
in principle be applied for a more general composite in addition to particulate and long ﬁber (two-dimen-
sional) composites. However eﬀective properties for a more general micropolar composite with ellipsoidal
ﬁbers has not been addressed in a systematic way, especially by an analytical method. So the objective of
this paper is to propose an analytical method to examine the eﬀective elastic and plastic properties for a
micropolar composite with aligned ellipsoidal ﬁbers. The manuscript will be arranged as follows: a brief
review on the basic element for micropolar theory and the microscopic to macroscopic transition method
will be presented in Section 2, the theoretical analysis for evaluating the classical eﬀective moduli and the
nonlinear stress and strain relation of the composite will be given in Section 3, numerical examples will be
provided in Section 4, followed by the conclusions.
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2.1. Micropolar theory
We are interested in the composite material where the coarse microstructure of matrix material must be
taken into account due to the small size contrast between reinforced ﬁber and characteristic length of ma-
trix material. In this case the matrix material is therefore idealized as a micropolar material model (Hu
et al., 2005). Before proceeding, we will recall brieﬂy basic elements for micropolar theory.
For a micropolar body without body force and couple, the governing equations are given by Eringen
(1999) and Nowacki (1986):eij ¼ uj;i  ekij/k; kij ¼ /j;i ð1aÞ
rij;i ¼ 0; mij;i þ ejikrik ¼ 0 ð1bÞ
rji ¼ Cjiklekl þ Bjiklkkl; mji ¼ Bjiklekl þ Djiklkkl ð1cÞwhere rij and mij denote the stress and couple stress tensors, eij and kij are the strain and torsion tensors, ui
and ui are the displacement and microrotation vectors, respectively. Cijkl, Bijkl and Dijkl are the elasticity
tensors of micropolar material, eijk is permutation tensor.
For a centrosymmetric and isotropic micropolar body, the elasticity tensors are speciﬁed as (Nowacki,
1986):Bjikl ¼ 0 ð2aÞ
Cjikl ¼ kdijdkl þ ðlþ jÞdjkdil þ ðl jÞdikdjl ð2bÞ
Djikl ¼ adijdkl þ ðbþ cÞdjkdil þ ðb cÞdikdjl ð2cÞ
where l, k are the classical Lames constants and j, c, b, a are the new elastic constants introduced in micro-
polar theory. They constitute two set of moduli: l, k and j have dimension of force per unit area, and c, b, a
have the dimension of force. dij is the Kronecker delta. Due to the dimensional diﬀerence between the two
sets of moduli, three intrinsic characteristic lengths can be deﬁned for an isotropic elastic micropolar mate-
rial, they can be deﬁned asl1 ¼ ðc=lÞ1=2; l2 ¼ ðb=lÞ1=2; l3 ¼ ða=lÞ1=2 ð3Þ
The constitutive equation (1c) can also be written in a simple form if we use r0ðijÞ, rhiji, r(rii) and e0ðijÞ, ehiji,
e(eii) denoting separately the deviatoric symmetric, anti-symmetric and hydrostatic parts of the stress
and strain tensors, and similar notations for the couple-stress and torsion tensors, the well-established
elastic constitutive relations for a linear isotropic micropolar material can be rewritten as (Nowacki,
1986):r0ðijÞ ¼ 2le0ðijÞ; rhiji ¼ 2jehiji; r ¼ 3Ke ð4aÞ
m0ðijÞ ¼ 2bk0ðijÞ; mhiji ¼ 2ckhiji; m ¼ 3Nk ð4bÞ
andK ¼ kþ 2
3
l; N ¼ aþ 2
3
b ð5Þwhere K is the bulk modulus, N can be regarded as the corresponding stiﬀness measure for torsion, and
symbols ( ) and h i in the subscript denote the symmetric and anti-symmetric parts of a tensor,
respectively.
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In order to deﬁne the eﬀective properties for a micropolar composite, we have to consider a representa-
tive volume element (RVE). According to Xun et al. (2004a) and Liu and Hu (2005), the following special
boundary conditions are prescribed on the RVE:uj ¼ EðijÞxi; uj ¼ 0 ð6Þ
where E(ij) is symmetric and constant strain over RVE, uj, uj are the components of displacement and rota-
tion angle, respectively. This kind of boundary condition enables one to deﬁne the classical eﬀective moduli
of a micropolar composite, which relate the symmetric macroscopic stress and strain of the composite mate-
rial, as will be explained below.
For any statically balanced local stress and couple stress ﬁelds (rij, mij) and geometrically compatible
local strain and torsion ﬁelds (eij, kij), the volume average of the internal energy over the RVE ishrijeij þ mijkiji ¼ hrijðuj;i  ekijukÞi þ hmijuj;ii ¼
1
V
Z
oRVE
rijujni dS þ 1V
Z
oRVE
mij/jni dS
¼ EðmjÞ 1V
Z
oRVE
rijxmni dS ¼ EðmjÞhrmji ð7ÞIt can also be shown thatheðijÞi ¼ 1
2
hui;j þ uj;ii ¼ EðijÞ ð8Þwhere hÆi means the volume average of the said quantity over the RVE.
If only stress boundary condition is applied on the boundary of the RVE, that isrijni ¼ RðijÞni; mijni ¼ 0 ð9Þ
where ni is the components of the outer normal of the RVEs boundary, it can also be shown thathrðijÞi ¼ RðijÞ; hrijeij þ mijkiji ¼ RðmjÞhe mjð Þi ð10Þ
Finally the classical eﬀective moduli (compliance) of a micropolar composite can be deﬁned ashr : eþm : ki ¼ Esym : C symc : Esym ¼ Rsym : M symc : Rsym ð11Þ
where the superscript sym means a symmetric tensor, C symc ;M
sym
c relating the symmetric stress and strain
by Esym ¼M symc : Rsym or Rsym ¼ Lsymc : Esym, which are called classical moduli and compliance of the micro-
polar composite in the following discussion.
In the following section, we will propose an analytical method for evaluating the classical eﬀective mod-
ulus (or compliance) for a general micropolar composite with aligned ellipsoidal ﬁbers.3. Theoretical formulation
3.1. Eshelby tensor for an ellipsoidal inclusion
Following Ma and Hu (submitted), consider an inclusion X in an inﬁnite centrosymmetric and isotropic
micropolar material, characterized by moduli C0 and D0, a uniform asymmetric eigenstrain e* and an eigen-
torsion k* are prescribed in the inclusion. Here the inclusion means its material constants are the same as
the surrounding matrix (Mura, 1982). According to Cheng and He (1995) and Ma and Hu (submitted), the
induced strain and torsion by the prescribed eigenstrain and eigentorsion can be written as
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kðxÞ ¼ bSðxÞ : e þ bLðxÞ : k ð12bÞ
where the tensors S, Sˆ, L and bL are called micropolar Eshelby tensors, and their expressions for a general
ellipsoidal inclusion are listed in Appendix A. Unlike the Eshelby tensor for the classical material (Cauchy
material model), the micropolar Eshelby tensors are not uniform even inside of an ellipsoidal inclusion.
However the numerical computation shows that their variation in the ellipsoidal inclusion is not signiﬁcant
(Ma and Hu, submitted). So in the following, the averages of the micropolar Eshelby tensors over the ellip-
soidal inclusion will be used to determine the classical eﬀective property for a micropolar composite. It can
be demonstrated that for a general ellipsoidal inclusion, the following relations for the average micropolar
Eshelby tensors hold (Ma and Hu, submitted)hLiI ¼ 0; hbSiI ¼ 0 ð13Þ
where hÆiI means the volume average of the said quantity over the inclusion domain. Eq. (13) means that a
uniform eigenstrain only induces a nonzero average strain and a uniform eigentorsion produces only a non-
zero average torsion for a general ellipsoidal inclusion. The average micropolar Eshelby relations (Eq. (12))
are uncoupled. That isheiI ¼ hSiI : e; hkiI ¼ hbLiI : k ð14Þ
These two micropolar Eshelby tensors hSiI and hbLiI will be computed with the expressions given in
Appendix A, the detailed exposition of the micropolar Eshelby tensors for the ellipsoidal inclusion can
be found in the reference by Ma and Hu (submitted).
For an inhomogeneity problem, which the material property (C1, D1) of the inclusion is diﬀerent from
the surrounding matrix (C0, D0), the equivalent inclusion method widely used in the classical micromechan-
ics cannot be applied exactly for a micropolar material (Xun et al., 2004a), since the strain and torsion in
the ellipsoidal inhomogeneity are not uniform. To simplify the problem, the average equivalent method will
be used in this paper to determine the strain and torsion in the inhomogeneity, which can be written asC1ðE0 þ heiIÞ ¼ C0ðE0 þ heiI  eÞ ð15aÞ
D1ðK0 þ hkiIÞ ¼ D0ðK0 þ hkiI  k
Þ ð15bÞwhere e; k

are average eigenstrain and eigentorsion; E0,K0 are the remote applied strain and torsion
respectively.
It is shown by Xun et al. (2004a) that for a cylindrical inhomogeneity the average stress determined by
the average equivalent method agrees well with the exact results. However, since there is no exact solution
for a general ellipsoidal inclusion, so Eq. (15) remains as a hypothesis.
3.2. Classical eﬀective moduli of micropolar composite
For a micropolar composite with many aligned ellipsoidal ﬁbers (the properties of the matrix and ﬁber
are noted respectively by C0, D0 and C1, D1), the volume fraction of ﬁber is noted by f. The concept of
Mori–Tanakas method (Mori and Tanaka, 1973) in classical micromechanics will be employed to consider
the interaction between the ﬁbers. Now a single ﬁber is placed into the inﬁnite micropolar matrix material
under remote loading E0, K0, which are the unknown average strain and torsion of the micropolar matrix in
the actual composite. So the average equivalent inclusion method (Eq. (15)) can be applied for each ﬁber,
together with Eq. (14) (e*, k* being replaced by e; k
Þ, the average stress (strain) and couple stress (torsion)
in each ﬁber can be related to the remote applied load E0, K0.
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micro–macro transition method explained in Section 2, only the symmetric parts of the strain relations
in Eqs. (8) and (9) will be used. So we haveC sym1 : ðEsym0 þ hesymiIÞ ¼ C sym0 : ðEsym0 þ hesymiI  esymÞ ð16Þ
hesymi¼I hSsymiI : esym ð17Þ
where Ssymijmn ¼ ðSijmn þ Sijnm þ Sjimn þ SjinmÞ=4 for a fourth-order tensor and esymij ¼ ðeij þ ejiÞ=2 for a second-
order tensor.
With help of the micro–macro transition principle and Mori–Tanakas method, it can be shown thatEsym ¼ ð1 f ÞEsym0 þ f ðEsym0 þ hesymiIÞ ð18Þ
and usingRsym ¼ ð1 f ÞRsym0 þ f ðRsym0 þ hrsymiIÞ ð19Þ
the classical eﬀective modulus of the composite can be calculated by following exactly the same method as
the classical Mori–Tanakas method (see for example, Hu and Weng, 2000), and the classical eﬀective com-
pliance of the micropolar composite (here we assume the ﬁber is classical material) can be ﬁnally derived in
an analytical from asM symc ¼M sym0 þ f ðM1 : ðM sym0 Þ1  IÞ1 þ ð1 f ÞðI  hSsymiIÞ
h i1
: M sym0 ð20Þ
whereM symc ;M
sym
0 andM1 are the inverses of the tensor C
sym
c ;C
sym
0 and C1, separately. I is the fourth-order
unit tensor.
Eq. (20) has the same form as that predicted by Mori–Tanakas method for a classical composite, and
for the classical composite, hSsymiI is replaced by the classical Eshelby tensor of an ellipsoidal inclusion.
The size eﬀect of microstructure is taken into account through the average micropolar Eshelby tensor
hSsymiI in Eq. (20). It can be shown that when the ﬁbers size (diameter) is suﬃciently large, hSsymiI will
be reduced to the classical Eshelby tensor (Ma and Hu, submitted), so the classical results can be
recovered.
3.3. Yield surface of micropolar composite
In this section, the initial yield surface of a micropolar composite will be examined. It is assumed that
when the average equivalent stress of the micropolar matrix reaches its initial yield stress ry, then the com-
posite starts to yield. That ishreffi0 ¼ ry ð21Þ
where hÆi0 means the volume average of the said quantity over the matrix, and reﬀ is an eﬀective stress for
the micropolar matrix, which is deﬁned as for a micropolar material by (Hu et al., 2005)r2eff ¼
3
2
r0ðijÞr
0
ðijÞ þ
3
2
l2ðm0ðijÞm0ðijÞ þ mhijimhijiÞ ð22ÞFor simpliﬁcation, we assume that the elastic characteristic lengths of the matrix material to be equal:
l1 = l2 = l3 = l.
Let the generalized yield surface of the micropolar composite be speciﬁed byUðhreffi0; ryÞ ¼ hreffi0  ry ¼ 0 ð23Þ
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hreffi0 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃhr2effi0p , this assumption is widely made for classical micromechanics of plasticity (Hu, 1996;
Ponte Castan˜eda, 1991).
With help of the perturbation method developed for micropolar composites (Liu and Hu, 2005), the sec-
ond-order moment of stress and couple stress of the matrix material deﬁned by Eq. (22) can then be eval-
uated analytically, ﬁnally the generalized yield surface of the micropolar composite can be expressed as3
1 f R
sym : Q : Rsym þ r2y ¼ 0 ð24ÞwhereQ ¼ l20
oM symc
ol0
þ 1
l2
b20
oM symc
ob0
þ c20
oM symc
oc0
 
The analytical expression for M symc is given by Eq. (20).
3.4. Nonlinear stress and strain relation of micropolar composite
When the applied load is larger than the initial yield stress of the composite, plastic deformation of the
matrix will take place. In order to model the weakened constraint power of the plastic matrix on the ﬁber,
the secant moduli method based on second-order stress and couple stress moment will be utilized (Liu and
Hu, 2005).
Supposed the stress potential w of the micropolar matrix to be the following form:w ¼ w0ðreffÞ þ 1
6j0
r2hei þ
1
18K0
r2 þ 1
18N 0
m2 ð25Þwhererhei ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
rhijirhiji
r
; w0ðreffÞ ¼ r
2
eff
6l0
þ n
nþ 1
1
H 1=n
ðreff  ryÞ
nþ1
nand n is the strain hardening exponent, H is the hardening modulus of the matrix material.
The secant moduli of the matrix material can be deﬁned through the constitutive relation, this leads to
the following secant quantities for the matrix material (Hu et al., 2005):ls0 ¼
1
ð1=l0Þ þ 3½ðreff  ryÞ=H 1=n=reff
; js0 ¼ j; Ks0 ¼ K0 ð26aÞ
bs0 ¼ l2ls0; cs0 ¼ l2ls0; N s0 ¼ N 0 ð26bÞ
where the superscript s means the secant quantities.
With the secant moduli of the matrix deﬁned in Eqs. (26a) and (26b), we can follow exactly the same idea
of the secant moduli method developed for a classical composite (see for example, Qiu and Weng, 1992; Hu,
1996) to compute the nonlinear stress and strain relation of a micropolar composite. This can be explained
by the following procedure: for any given macroscopic stress Rsym, at which the matrix has entered into
plastic state, for a tested average eﬀective stress of the matrix hreﬀi0 (>ry), the secant moduli of the matrix
can be evaluated by Eq. (26). We consider a linear comparison composite, it has the same microstructure
and ﬁbers property as the actual composite, however its matrix has the secant moduli of the actual matrix
in the nonlinear composite. The compliance tensorsM symc of this linear comparison composite can be deter-
mined from Eq. (20). The average eﬀective stress of the micropolar matrix for the linear comparison com-
posite can then be evaluated with the expression ofM symc , this provides an equation to determine for a given
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as the secant moduli of the actual composite. By repeating Rsym, the nonlinear stress and strain curves of the
micropolar composite material can then be established.
In the following, we will examine through some numerical examples the size-dependence of the eﬀective
properties for a micropolar composite with aligned ellipsoidal ﬁbers.4. Numerical applications
A metal matrix composite SiC/Al is taken to be the sample material, the material constants are
l0 = 26 GPa, k0 = 50 GPa, j0 = 13 GPa, l = 10 lm for matrix and l1 = 209 GPa, k1 = 108 GPa for the
ﬁber material, the other parameters will be speciﬁed when used.0.01 0.1 1 10 100
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Fibers are assumed to be aligned along x3 direction, the modulus in the plane x1–x2 is called in-plane
modulus and the others are called out-of-plane modulus in the following. We use the radius of the ellipsoid
a to characterize its size, and its shape is described by its aspect ratio. The predicted eﬀective in-plane shear
modulus lc12 and out-of-plane shear modulus lc31 as function of ﬁbers aspect ratio are shown in Fig. 1a
and b, respectively. The ﬁbers size is set to be a = l, and its volume fraction is f = 0.15. For comparison, the
eﬀective shear moduli for the composite with a classical matrix is also included. It is found that the pre-
dicted eﬀective shear moduli (in-plane and out-of-plane) of the micropolar composite are slightly higher
than those for the classical composite, the dependence on the ﬁbers aspect ratio is the same for these
two models.
The aspect ratio of the ﬁber is now kept to be 10, the predicted eﬀective shear modulus as function
of ﬁber size is illustrated in Fig. 2a and b for two volume fractions of the ﬁber f = 0.15 and f = 0.3,0 10 20 30 40 50
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Fig. 2. Eﬀective shear moduli as function of ﬁbers size with a ﬁxed aspect ratio 10: (a) eﬀective in-plane shear modulus; (b) eﬀective
out-of-plane shear modulus.
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Fig. 4. Yield surfaces in R33–R22 stress-space of diﬀerent ﬁbers properties for three diﬀerent ﬁber sizes: a = l, a = 5l, a = 100l:
(a) common ﬁber; (b) rigid ﬁber; (c) voids.
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3036 H. Ma, G. Hu / International Journal of Solids and Structures 43 (2006) 3025–3043of the matrix material, the size eﬀect of the ﬁber on the eﬀective shear moduli of the composite is more pro-
nounced. When the size of the ﬁber is much larger than the intrinsic length of the matrix material, classical
results can be recovered, as expected.
4.2. Initial yield surface
The material constants are the same as in Section 4.1, the initial yield stress of the micropolar matrix is
ry = 250 MPa. Three kinds of ﬁbers properties are examined: one is a common metal matrix composite,
the ﬁbers material constants have been given in Section 4.1, another is a rigid ﬁber composite, the third
one is a voided material. Fig. 3a–c shows the yield surfaces in R33–R22 stress-space for the three types of
the ﬁber and for three diﬀerent ﬁbers aspect ratios 0.2, 1, 10. The ﬁbers size and volume fraction is and∑
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Fig. 6. Stress and strain relations of a metal matrix composite for three diﬀerent ﬁbers sizes: a = l, a = 5l, a = 100l.
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Fig. 5. Stress and strain relations of a metal matrix composite for diﬀerent ﬁbers aspect ratios 0.01, 0.1, 1, 10, 100.
H. Ma, G. Hu / International Journal of Solids and Structures 43 (2006) 3025–3043 3037f = 0.15 respectively. As predicted by the classical method, the ﬁbers shape has signiﬁcant inﬂuence on the
initial yield surface of the composite, anisotropic yielding will be generated if the aspect ratio of the ﬁber is
not equal to unity.
Fig. 4a–c shows the yield surfaces in R33–R22 stress-space for three diﬀerent ﬁber sizes:, a = 5l, a = 100l
respectively, while the ﬁbers aspect ratio is taken to be 0.2 and f = 0.15. It is found that when the ﬁbers size
decreases, the yield surface of the composite is slightly enlarged. For rigid ﬁber, the size eﬀect is more
pronounced.
4.3. Nonlinear stress and strain relation
For the composite with aligned ﬁbers, a tensile loading is applied along ﬁbers direction. The material
constants are same as in Section 4 for a common metal matrix composite. The plastic parameters of the
matrix are: ry = 250 MPa, h = 173 MPa and n = 0.455.0.00 0.01 0.02 0.03
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Fig. 8. Stress and strain relations for a voided material at diﬀerent ﬁber aspect ratios: 0.01, 0.1, 1, 10, 100.
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Fig. 7. Comparison with classical Cauchy model for a metal matrix composite for two ﬁbers volume fractions f = 0.15, 0.3.
3038 H. Ma, G. Hu / International Journal of Solids and Structures 43 (2006) 3025–3043The inﬂuence of ﬁbers aspect ratio on the stress and strain curves for a common composite (metal ma-
trix composite) is illustrated in Fig. 5, ﬁbers with aspect ratio 0.01, 0.1, 1, 10,100 are examined. The ﬁber
size is set to be a = l and its volume fraction is f = 0.15. It is found that ﬁbers shape has a signiﬁcant inﬂu-
ence on the stress and strain relation for the composite, the same as for a Cauchy composite. Now ﬁxed the
ﬁbers aspect ratio to be 0.2, the other material parameters remain unchanged, the stress and strain curves
of the composite for three diﬀerent ﬁber sizes: a = l, a = 5l and a = 100l are examined, which are shown in
Fig. 6. The predictions for the composite with the classical matrix and un-reinforced matrix are also in-
cluded for comparison. The computed results show that the inﬂuence of ﬁbers size is also important for
a common metal matrix composite, especially when the ﬁbers size approaches to the characteristic length
of the matrix material. However when the ﬁbers size is large, the predicted results by the current method is
reduced to the classical one as it should be. The comparison with the classical micromechanics is also0.00 0.01 0.02 0.03
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Fig. 10. Comparison with classical Cauchy method for a voided material at diﬀerent volume fractions f = 0.15, 0.3.
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Fig. 9. Stress and strain relations for a voided material at three diﬀerent ﬁber sizes: a = l, a = 5l, a = 100l.
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results are shown in Fig. 7. It is found that the prediction by the micropolar model is always higher than
that by the Cauchy model, signiﬁcant hardening behavior can be produced by the proposed micropolar
model.
The eﬀective stress and strain relations for a voided material are also examined, the inﬂuence of voids
aspect ratio on the stress and strain relations is shown in Fig. 8, as for common metal matrix composite the
shape of the voids has great inﬂuence for oblate voids, much less for prolate voids. The inﬂuence of the
voids size on the stress and strain relation is also illustrated in Fig. 9. Compared to the common metal ma-
trix composite, the eﬀect of voids size on the stress and strain relation is much less signiﬁcant. The com-
parison with the classical results (based on Cauchy material model) is also given in Fig. 10, as for the
common metal matrix composite, the prediction by the current method is always higher than that by the
classical method.5. Conclusions
Amicromechanical method is proposed for a micropolar composite with ellipsoidal ﬁbers to examine the
inﬂuence of the both ﬁbers shape and size on the eﬀective elastic and plastic properties of composite mate-
rials. The method is based on a special micro–macro transition method and the micropolar Eshelby tensors
for a general ellipsoidal inclusion, the classical eﬀective moduli for a micropolar composite are determined
analytically by this method. The nonlinear stress and strain relation of micropolar composites are estab-
lished by the secant moduli method based on second-order stress and couple stress moment. With this
method, the inﬂuence of the both ﬁbers shape and size can be analyzed in a simple analytical way. The
eﬀective moduli, initial yield surface and the eﬀective plastic stress and strain relation for a micropolar com-
posite reinforced by ellipsoidal ﬁbers are analyzed in details. The results show that the prediction based on
the micropolar material model for the eﬀective moduli and eﬀective nonlinear stress and strain curves are
always higher than those based on classical Cauchy material model, especially for small size of ﬁber. When
the size of ﬁber is suﬃciently large, the classical results (Cauchy material model) can be found.Acknowledgement
This work is supported by the National Natural Science Foundation of China under Grant Nos.
10325210 and 10332020Appendix A. Eshelby tensor for an ellipsoidal inclusion (Ma and Hu, submitted)
The expressions of micropolar Eshelby tensors are given by (Cheng and He, 1995; Ma and Hu,
submitted):SmnjiðxÞ ¼ ISnji;mðxÞ þ Inji;mðxÞ  elmnbI ljiðxÞ ðA:1aÞ
LmnjiðxÞ ¼ Jnji;mðxÞ  elmnbJ ljiðxÞ ðA:1bÞ
bSmnjiðxÞ ¼ bI nji;mðxÞ ðA:1cÞ
bKmnjiðxÞ ¼ bI nji;mðxÞ ðA:1dÞ
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kþ l
kþ 2lw;ijnðxÞ 
k
kþ 2l dij/;nðxÞ  din/;jðxÞ  djn/;iðxÞ
Inji ¼ 2Ph2l/;ijnðxÞ þ
2j
l
½djn/;iðxÞ  din/;jðxÞ  Ph2½kdijM ;kknðx; hÞ þ 2lM ;ijnðx; hÞ þ PkdijM ;nðx; hÞ
þ Pðlþ jÞ þ j
l
 
dinM ;jðx; hÞ þ P ðl jÞ  jl
 
djnM ;iðx; hÞ
JnjiðxÞ ¼  1
2l
½ðbþ cÞenik/;jkðxÞ þ ðb cÞenjk/;ikðxÞ þ
1
2l
½ðbþ cÞenikM ;jkðx; hÞ þ ðb cÞenjkM ;ikðx; hÞ
bI njiðxÞ ¼ 1
2l
½jeijk/;knðxÞ  ðlþ jÞenik/;kjðxÞ  ðl jÞenjk/;kiðxÞ 
1
2l
½ðlþ jÞeijkM ;knðx; hÞ
 ðlþ jÞenikM ;kjðx; hÞ  ðl jÞenjkM ;kiðx; hÞ þ 1
2
eijkM ;knðx; gÞ þ lþ j
2lh2
eijnMðx; hÞ
bJ njiðxÞ ¼  b
2l
/;ijnðxÞ þ
lþ j
4lj
½adijM ;kknðx; hÞ þ 2bM ;ijnðx; hÞ  1
4j
½adijM ;kknðx; gÞ þ 2bM ;ijnðx; gÞ
 lþ j
4ljh2
½adijM ;nðx; hÞ þ ðbþ cÞdinM ;jðx; hÞ þ ðb cÞdjnM ;iðx; hÞThe constants introduced in the previous equations are deﬁned byP ¼ j=½lðlþ jÞ; h2 ¼ ðlþ jÞðcþ bÞ
4lj
; g2 ¼ ðaþ 2bÞ
4jIt is seen that evaluation of the micropolar Eshelby tensors depends on the following three potential func-
tions and their derivatives, which are deﬁned bywðxÞ ¼ 1
4p
Z
X
xdx0; /ðxÞ ¼ 1
4p
Z
X
1
x
dx0; Mðx; kÞ ¼ 1
4p
Z
X
ex=k
x
dx0 ðA:2Þwhere x = jxj.
The ﬁrst and second integrals appeared in Eq. (A.2) are the same as in classical Eshelby tensor (Mura,
1982), and they have been evaluated analytically for a general ellipsoidal inclusion. For a micropolar mate-
rial, the last integral in Eq. (A.2) cannot be evaluated in a complete analytical form for a general ellipsoidal
inclusion, however the potentialM(x, k) can be reduced to the following one-dimensional integral (Ma and
Hu, submitted):Mðx; kÞ ¼ 1
4p
Z
X
ex=k
x
dx0 ¼ k2  k2 a3
2
Z 1
0
ðD AÞdu ðA:3Þwhere the constants in Eq. (A.3) are deﬁned asD ¼ 1
uþ a23ð Þ3=2
1þ a
k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uþ a23
uþ a2
s0@ 1A exp  a
k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uþ a23
uþ a2
s0@ 1A
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
uþ a2
r
; C ¼ a
k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uþ a2p
u ¼ a23tan2h; q ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q
IM is the Mth order modiﬁed Bessel function of the ﬁrst kind, a is the radius of the short axis of the ellip-
soidal and a3 is its radius of the major axis. The major axis of the ellipsoidal lines with the axis z. The deriv-
atives of Eq. (A.3) are given byM ;iðx; kÞ ¼  a3
2
k2
Z 1
0
ðD A;iÞdu ðA:4aÞ
M ;ijðx; kÞ ¼  a3
2
k2
Z 1
0
ðD A;ijÞdu ðA:4bÞ
M ;ijmðx; kÞ ¼  a3
2
k2
Z 1
0
ðD A;ijmÞdu ðA:4cÞ
M ;ijmnðx; kÞ ¼  a3
2
k2
Z 1
0
ðD A;ijmnÞdu ðA:4dÞwhereA;a ¼ B cosh Czð ÞI1 Bqð Þ xaq
A;ab ¼ B coshðCzÞ 1
2q3
½Bq½I0ðBqÞ þ I2ðBqÞxaxb þ 2I1ðBqÞðq2dab  xaxbÞ
A;abc ¼ B cosh Czð Þ  3B
2q4
xaxbxc þ B
2q2
dabxc þ dacxb þ dcbxa
  
I0 Bqð Þ
	
þ 3
q5
xaxbxc þ 3B
2
4q3
xaxbxc  1q3 dabxc þ dacxb þ dcbxa
  
I1 Bqð Þ
þ  3B
2q4
xaxbxc þ B
2q2
dabxc þ dacxb þ dcbxa
  
I2 Bqð Þ þ B
2
4q3
xaxbxc
 
I3 Bqð Þ


A;abck ¼ Bcosh Czð Þ Bq6
15
2
xaxbxcxkþ 3
8
B2q2xaxbxcxk 3
2
q2xk dabxcþ dacxbþ dcbxa
 	
3
2
q2 dakxbxcþ dbkxaxcþ dckxbxa
 þq4
2
dabdckþ dacdbkþ dakdcb
 
I0 Bqð Þ
þ 1
q7
9
2
B2q2xaxbxcxk 15xaxbxcxkþ 3
4
B2q4xk dabxcþ dacxbþ dcbxa
 
þ 3q2xk dabxcþ dacxbþ dcbxa
 þ 3q2 dakxbxcþ dbkxaxcþ dckxbxa 
þ3
4
B2q4 dakxbxcþ dbkxaxcþ dckxbxa
 q4 dabdckþ dacdbkþ dakdcb I1 Bqð Þ
þ B
q6
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2
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2q2
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2
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2
q2 dakxbxcþ dbkxaxcþ dckxbxa
 þq4
2
dabdckþ dacdbkþ dakdcb
 
I2 Bqð Þ
þB
2
q5
3
2
xaxbxcxkþq
2
4
xk dabxcþ dacxbþ dcbxa
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4
dakxbxcþ dbkxaxcþ dckxbxa
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I3 Bqð Þ
þB
3
q4
1
8
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 
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The symbols a, b, c, k range from 1 to 2, andA;z ¼ C sinhðCzÞI0ðBqÞ
A;zz ¼ C2 coshðCzÞI0ðBqÞ; A;az ¼ A;að Þ;z
A;zzz ¼ C3 sinh Czð ÞI0 Bqð Þ; A;azz ¼ A;að Þ;zz; A;abz ¼ A;ab
 
;z
A;zzzz ¼ C4 cosh Czð ÞI0 Bqð Þ; A;azzz ¼ A;að Þ;zzz; A;abzz ¼ A;ab
 
;zz
; A;abcz ¼ A;abc
 
;zWith the previous expression, the micropolar Eshelby tensors and their average over the ellipsoidal domain
can be calculated.References
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